Some properties of the 4-dim Riemannian spaces with metrics ds 2 = 2(za 3 − ta 4 )dx 2 + 4(za 2 − ta 3 )dxdy + 2(za 1 − ta 2 )dy 2 + 2dxdz + 2dydt associated with the second order nonlinear differential equations
Introduction
The second order ODE's of the type y ′′ + a 1 (x, y)y ′ 3 + 3a 2 (x, y)y ′ 2 + 3a 3 (x, y)y ′ + a 4 (x, y) = 0
are connected with nonlinear dynamical systems in the form 
where
σ 2 , and for investigation of its properties the theory of invariantes was first used in [1] [2] [3] [4] [5] .
According to this theory [6] [7] [8] [9] [10] all equations of type (1) can be devided in two different classes I. ν 5 = 0, II. ν 5 = 0.
Here the value ν 5 is the expression of the form
then L 1 , L 2 are defined by fomulas L 1 = ∂ ∂y (a 4y + 3a 2 a 4 ) − ∂ ∂x (2a 3y − a 2x + a 1 a 4 ) − 3a 3 (2a 3y − a 2x ) − a 4 a 1x , L 2 = ∂ ∂x (a 1x − 3a 1 a 3 ) + ∂ ∂x (a 3y − 2a 2x + a 1 a 4 ) − 3a 2 (a 3y − 2a 2x ) + a 1 a 4y .
For the equations with condition ν 5 = 0 R. Liouville discovered the series of semi-invariants starting from :
and α = a 2y − a 1x + 2(a 1 a 3 − a In case w 1 = 0 there are another series of semi-invariants
and corresponding sequence for absolute invariants
In case ν 5 = 0 the semi-invariants have the form
and corresponding serie of absolute invariants
2 Riemannian spaces in theory of ODE's
Here we present the construction of the Riemannian spaces connected with the equations (1). We start from the equations of geodesical lines of two-dimensional space A 2 equipped with affine (or Riemannian) connection. They have the form
This system of equations is equivalent to one equation
of type (1) but with special choice of coefficients a i (x, y). The equations (1) with arbitrary coefficients a i (x, y) may be considered as equations of geodesics of 2-dimensional space A 2ẍ − a 3ẋ 2 − 2a 2ẋẏ − a 1ẏ 2 = 0,
equipped with the projective connection with components
The curvature tensor of this type of connection is
and it has the components
For construction of the Riemannian space connected with the equation of type (1) we use the notice of Riemannian extension W 4 of space A 2 with connection Π k ij [12] . The corresponding metric is
and in our case it takes the following form (ξ 1 = z, ξ 2 = τ )
So, it is possible to formulate the following statement This system of equations has the integral 2(za 3 − τ a 4 )ẋ 2 + 4(za 2 − τ a 3 )ẋẏ + 2(za 1 − τ a 2 )ẏ 2 + 2ẋż + 2ẏτ = 1.
Remark that first two equations of this system are equivalent to the equation (1) .
Thus, we construct the four-dimensional Riemannian space with metric (3) and connection
The curvature tensor of this metric has the form
Using the expessions for components of projective curvature of space A 2
they can be presented in form 
and scalar curvature R = g in g km R nm of the space W 4 is R = 0. Now we introduce the tensor
It has the following components
and with help of them the invariants of equations (1) may be constructed using the covariant derivations of the curvature tensor and the values L 1 , L 2 . The Weyl tensor of the space M 4 is
It has only one component
Using the components of Riemannian tensor which are not zero
With help of the Weyl tensor the properties of invariantes of the space M 4 may be investigated. In particular, all invariants of the second order of the space M 4 are equal to zero.
Remark 1 The spaces with metrics (3) are flat for the equations (1) with conditions
on coefficients a i (x, y).
Such type of equations have the components of projective curvature
and they are reduced to the the form y ′′ = 0 with help of points transformations. On the other hand there are examples of equations (1) with conditions
For such type of equations the curvature of corresponding Riemannian spaces is not equal to zero.
In fact, the equation
where the function ϕ(x, y) is solution of the Wilczynski-Tzitzeika nonlinear equation integrable by the Inverse Transform Mehod.
has conditions (2) Let us consider some applications of soliton theory to the study of the properties of equations of type (1) .
Remark 2 The properties of the Riemann spaces with metrics (3) for the equations
They are based on the presentation of the metrics (3) in the form
we have the metrics
which is connected with theory of the KdV equation
on the crvature K(x, y) of the metric (4). For the equation
corresponding metric is connected with integrable equation
With the equations of type y ′′ + a 4 (x, y) = 0 a 4-dim Riemann space with metrics
and geodesics in formẍ
corresponding Riemann space has the metric
and geodesicsẍ − a 3ẋ 2 = 0,ÿ + 2a 3ẋẏ + a 4ẋ 2 = 0,
Let us consider the possibility to investigate the properties of the equations (1) using the facts from theory of embedding of Riemann spaces into the flat spaces.
For the Riemann spaces of the classe one (which can be embedded into the 5-dimensional Eucledian space) the following conditions are fulfield
where R ijkl are the components of curvuture tensor of the space with metrics ds 2 = g ij dx i dx j . Applications of these relations for the spaces with the metrics (2) lead to the conditions on the values a i (x, y).
For the spaces of the classe two (which admits the embedding into 6-dim Eucledean space with some signature) the conditions are more complicated. They are The existence of metrics for the equations (1) may be use for construction of the surfaces. One possibility is connected with two-dimensional surfaces embedded in a given 4-dimensional space and which are the generalization of the surfaces of translation. The equations for coordinates Z i (x, y) of such type ofthe surfaces are
From the condition of compatibility of this system it is possible to get the coefficients a i (x, y) and correspondent second order ODE's.
Another possibility for studying of two-dimensional surfaces in space with metrics (3) is connected with the choice of section
in space with metrics (3).
Using the expressons dz = z x dx + z y dy, dτ = τ x dx + τ y dy we get the metric
We can use this presentation for investigation of particular cases of equations (1). 1. The choice of the functions z, τ in form
are connected with flat surfaces and are reduced at the substitution
compatible at the conditions α = 0, α ′ = 0, α ′′ = 0.
2. The choice of the functions z = Φ x , τ = Φ y satisfying to the system of equations
with the coefficients a i (x, y) in form
where the function R(x, y) is the solution of WDVV-equation
are corresponded to the equations (1)
The following choice of the coefficients a i
with condition of compatibility
wich is the Wilczynski-Tzitzeika-equation.
Remark 3 The linear system of equations for the WDVV-equation some surfaces in 3-dim projective space is determined. In the canonical form it becomes [13]
Φ xx − R xxx Φ y + ( R xxxy 2 − R 2 xxy 4 − R xxx R xxy 2 )Φ = 0, Φ yy − R yyy Φ x + ( R yyyx 2 − R 2 xyy 4 − R yyy R xxy 2 )Φ = 0,
The relations between invariants of Wilczynski for the linear system are correspondent to the various types of surfaces. Some of them with solutions of WDVV equation are connected.

Remark 4 From the elementary point of view the surfaces connected with the system of equations like the Lorenz can be constructed on such a way. From the assumption z = z(x, y)
we get σ(y − x)z x + (rx − y − zx)z y = xy − bz.
The solutions of this equation give us the examples of the surfaces z = z(x, y).
Remark 5 Let us consider the system of equations
ξ i,j + ξ j,i = 2Γ k ij ξ k
for the Killing vectors of metrics (3). It has the form
In particular case ξ i (x, y)
we get the system of equations
equivalent to the system for the z=z(x,y) and τ = τ (x, y)
Remark 6
The Beltrami-Laplace operator
be used for investigation of the properties of the metrics (3). For example the equation
has the form (3) 
Some solutions of this equation with geometry of the metrics
a 4 Φ 2 y − 2a 3 Φ x Φ y + a 2 Φ 2 x − Φ y Φ xx + Φ x Φ xy = 0, a 3 Φ 2 y − 2a 2 Φ x Φ y + a 1 Φ 2 x − Φ y Φ xy + Φ x Φ yy = 0,
Using the equation
it is possible to investigate the properties of isotropical surfaces in space with metrics (3) .
In particular case the solutions of eikonal equation in form
are existed if the following conditions are fulfilled 
For example we get
and 
The conditions
also are interesed. They are connected with theory of nonvacuum Einstein spaces.
Remark 9 The contruction of the Riemannian extension of two-dimensional spaces connected with ODE's of type (1) can be generalized for three-dimensional spaces connected with the equations of the form
where a i , b i , c i are the functions of variables x, y, z.
On the Einstein-Weyl geometry
The relation between the equations in form (1) and
with function g(a, b, b ′ ) satisfying the partial differential equation
from geometrical point of view was studied by E.Cartan [14] . He showed that Einstein-Weyl 3-folds parameterize the families of curves of equation (5) which is dual to the equation (1) .
Some examples of solutions of equation (5) were obtained first in [2] .
Here we consider some examples of the Einsten-Weyl spaces. Main facts of the theory of Einstein-Weyl spaces are the following [15] . A Weyl space is smooth manifold equipped with a conformal metric g ij (x), and a symmetric connection
with condition on covariant derivation 
with some function λ(x), is called Einstein-Weyl space.
Let us consider some examples. The components of Weyl connection of 3-dim space:
From the equations of Einstein-Weyl spaces
Remark that the first three equations lead to the Chazy equation [16] 
where ω i = ω i (x + y + z) and in general case they are generalization of classical Chazy equation.
Einstein-Weyl geometry of the metric g ij = diag(1, −e U , −e U ) and vector ω i = (2U z , 0, 0) is determined by the solutions of equation [17] U xx + U yy = (e U ) zz .
This equation is equivalent to the equation
(after substitution U = U(x + y = τ, z)) having many-valued solutions.
The consideration of the E-W structure for the metrics
lead to the dispersionless KP equation [18] (U t − UU x ) x = U yy .
2. An Einstein-Weyl geometry of the four-dimensional Minkovskii space
The components of Weyl connection are
The Einstein-Weyl condition
lead to the system of equations
Equation (8) can be written in compact form
In particular case h = 0 we get one equation
which is the equation (10) for the function g = g(a, c). It can be integrate with help of Legendre transformation (see [3] ).
The solutions of the equations of type
was constructed in [19] . In work of [20] was showed that they can be present in form
To integrate above equations we apply the parametric representation
Using the formulas
we get after the substitution in (10) the conditions
So we get one equation for two functions U(a, τ ) and V (a, τ ). Any solution of this equation are determined the solution of equation (10) in form (11) .
Let us consider the examples.
Using the representation U = τ ω τ − ω, V = ω τ it is possible to obtain others solutions of this equation.
6
Third-order ODE's and the Weyl-geometry
In the work of E.Cartan was studied the geometry of the equation
with General Integral in form F (a, b, X, Y, Z) = 0.
It was showed that there are a lot types of geometrical structures connected with this type of equations.
More recently [21, 22] the geometry of Third-order ODE's was considered in context of the null-surface formalism and was discovered that in the case the function g (a, b, the Einstein-Weyl geometry in space of initial dates has been realized. We present here some solutions of the equations (12, 13) which is connected with theory of the second order ODE's.
In the notations of E.Cartan we study the Third-order differential equations
where the function F is satisfied to the system of conditions The corresponding third-order equation is
and it is connected with the second-order equation
Another example is the solution of the system for the function F = F (x, y ′ , y ′′ ) obeying to the equation
In this case H = 0 and we get the system of equations 
